Starting with the many-body Schrödinger equation we derive new rate equations for resonant transport in quantum dots linked by ballistic channels with high density of states. It is shown that the current in such a system displays quantum coherence effects, even if the dots are away one from another. A comparative analysis of quantum coherence effects in coupled and separated dots is presented. The rate equations are extended for description of coherent and incoherent transport in arbitrary multi-dot systems. It is demonstrated that new rate equations constitute a generalization of the well-known optical Bloch equations.
I. INTRODUCTION
Quantum transport in small tunneling structures (quantum dots) have attracted great attention due to the possibility of investigating single-electron effects in the electric current [1] . Until now research has been mostly concentrated on single dots, but the rapid progress in microfabrication technology has made it possible the extension to coupled dot systems with aligned levels [2, 3] . An example of such a system is shown schematically in Fig. 1 , where the coupled quantum dot (coupled wells) are connected with two separate reservoirs.
In contrast with a single dot, the electron wave function inside a coupled dot structure is equations, starting from the many-body Schröedinger equation. The plan of the paper is the following. In Sect. 2 we describe the previously derived Bloch-type rate equations for coupled dots and some peculiar properties of coherent transport in these systems. In Sect. 3 we present the microscopic derivation of transport equations for two separated dots. Detailed comparison of coherent effects in quantum transport through coupled and separated dots is presented in Sect. 4 . The quantum rate equations for a general configuration of quantum dots are discussed in Sect. 5. The last section is the summary.
II. RATE EQUATIONS FOR COUPLED QUANTUM-DOTS
We start with a review of the quantum rate equations for coupled multi-dot systems, connected with two reservoirs (the "emitter" and the "collector") and interacting with phonon reservoir. The entire system is described by the tunneling Hamiltonian where the electronelectron interaction is taken into account by introducing the corresponding electrostatic charging energy. In case of large voltage bias one can reduce the many-body Schrödinger equation to the system of quantum rate equations by integrating out continuum reservoir states [11] . As a result the following Bloch-type equations for the density matrix of the multidot system {σ αβ } are obtained, where α, β denote the isolated (non-orthogonal) states of the system:
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Here Ω αβ is the amplitude of one-electron hopping that results in the transition between the states α and β. The width Γ α→γ is the probability per unit time for the system to make a transition from the state |α to the state |γ of the device due to the tunneling to (or from) the reservoirs, or due to interaction with the phonon bath, or any other interaction generated by a continuum state medium. Notice that Eq. (2.1a) for diagonal elements has a form of classical rate equations, except for the first term. This term describes transitions between isolated states through the coupling with non-diagonal terms. Therefore it is responsible for coherent quantum effects in electron transport. The nondiagonal matrix elements are described by Eq. (2.1b). The last term in Eq. (2.1b) appears only for systems with the number of isolated states participating in the transport is more than two. It describes the simultaneous conversion of the states γ → α and δ → β, generated by the same one electron decay to (from) continuum.
The current flowing through the system is given by
where the sum is extended over states |γ in which the dot adjacent to the collector is occupied (we consider the electron charge e = 1). Γ
(γ)
R is the partial width of the state |γ due to tunneling to the collector.
It follows from Eqs. (2.1) that the coherent effects do appear in the quantum transport whenever a carrier jumps from one to another isolated states inside the device. In the absence of such transition as, for instance, in resonant tunneling through a single dot, the diagonal and non-diagonal matrix elements are decoupled and the evolution of diagonal density-matrix elements is described by the classical rate equation.
As an example we consider the quantum transport through a double-dot system at zero temperature, shown in Fig. 1 . We assume that due to the Coulomb repulsion two electrons can not occupy the same dot, but the interdot Coulomb repulsion is small and can be neglected. In this case there are four available states of the double-dot system: |a -the levels E 1,2 are empty, |b -the level E 1 is occupied, |c -the level E 2 is occupied, |d -the both level E 1,2 are occupied. The coupling with the reservoirs generates one-electron transitions between these states with the corresponding rate (the partial width) Γ. However, the transitions between the isolated states |b and |c can proceed only via the coupling Ω bc = Ω cb = Ω 0 with the off-diagonal density-matrix elements, σ bc , σ cb . Using Eqs. (2.1)
we find that the following equations describing the time evolution of the corresponding
3b)
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which are supplemented with the probability conservation condition: i σ ii (t) = 1.
The dc current is
where ǫ = E 1 − E 2 . The coherent nature of quantum transport in the coupled-dot system manifests itself in peculiar properties of dc current flowing through this system. For example, one finds from Eq. (2.4) that the current decreases when the coupling with the reservoirs increases. It is quite interesting that such a counter-intuitive behavior of the resonant current can be interpret as a manifestation of the Zeno effect. For instance, the increase of the right barrier penetrability leads to immediate tunneling of an electron to the collector whenever it arrives to the second dot. It can be considered as a continuous observation of the second dot state, which results in an effective electron localization in the first dot [13] . Another quantum coherent effects in the resonant current can be displayed by applying periodic bias to this system [14] .
III. RATE EQUATIONS FOR TWO SEPARATED DOTS
Now we are going to derive rate equations for quantum transport in mesoscopic systems with arbitrary configuration of quantum dots. As a generic example we consider quantum transport through two quantum dots separated by a ballistic channel, Fig. 2 . The dots contain only isolated levels, whereas the density of states in the ballistic channel and in the emitter and the detector is very high (continuum). This system can be described by the tunneling Hamiltonian
Here the subscripts l, m and r enumerate correspondingly the levels in the left reservoir, in the middle reservoir (the ballistic channel) and in the right reservoir. For simplicity we assume that each of the dots contains only one energy level, E 1 and E 2 respectively. We did not indicate the charging term in the tunneling Hamiltonian, just assuming that only one electron can occupy each of the dots due to large Coulomb repulsion. As in the previous case we restrict ourselves to the zero temperature case.
Let us assume that all the levels in the emitter, in the ballistic channel and in the collector are initially filled up to the Fermi energies E L F , E M F and E R F respectively. We call it as the "vacuum" state, |0 . (In the following we consider the case of large bias, so that
. This vacuum state is unstable: the Hamiltonian Eq. (3.1) requires it to decay exponentially to a continuum states having the form a † 1 a l |0 with an electron in the level E 1 and a hole in the emitter continuum, a † m a l |0 with an electron in the level E m in the middle reservoir (the ballistic channel) and a hole in the emitter, and so on. The many-body wave function describing this system can be written in the occupation number representation as
where b(t) are the time-dependent probability amplitudes to find the system in the corresponding states described above with the initial condition b 0 (0) = 1, and all the other b(0)'s being zeros. Substituting Eq. (3.2) into the Shrödinger equation i|Ψ(t) = H|Ψ(t) and performing the Laplace transform,
we obtain an infinite set of the coupled equations for the amplitudesb(E): . We obtain
where
Since the states in the reservoirs are very dense (continuum), one can replace the sums over l and m by integrals, for instance l →
is the density of states in the emitter. Then the first sum in Eq. (3.5) becomes an integral which can be split into a sum of the singular and principal value parts. The singular part yields −iΘ(E
is the level E 1 partial width due to coupling to the emitter. Let us assume that E
e. the energy level is deeply inside the band. In this case the integration over E l(m) -variables can be extended to ±∞. As a result, the theta-function can be replaced by one, and the principal part is merely included into redefinition of the energy E 1 . The second sum (integral) in Eq. (3.5) proves to be negligibly small. Indeed, let us replacẽ b lm →b(E l , E m , E), and assume weak energy dependence of Ω on E l . Then one finds from Eqs. (3.4) that the poles of the integrand in the E l -variable are on one side of the integration contour, and therefore this term vanishes. In general, any terms of a type
−1 → 0, whenever the integration over the E s -variable can be extended to ±∞. We shall imply this property in all subsequent derivations.
Applying analogous considerations to the other equations of the system (3.4), we finally arrive to the following set of equations:
are the partial widths of the levels E 1 and E 2 respectively due to coupling to the ballistic channel and ρ M is the density of states in the ballistic channel. Γ R = 2πρ R (E 2 )|Ω R (E 2 )| 2 is the level E 2 partial width due to coupling to the collector.
Now we introduce the density-matrix of the quantum dots σ ij (t), by tracing out the continuum states of the reservoirs in the density-matrix of the entire system. The indices i, j = {a, b, c, d} in σ ij denote four discrete states of the dots, namely: |a -the levels E 1,2
are empty, |b -the level E 1 is occupied, |c -the level E 2 is occupied, |d -the both level E 1,2 are occupied, Fig. 3 . The matrix elements of σ can be written explicitly as
where the superscript indices k, n in σ (k,n) ij denote the number of electrons in the ballistic channel and in the collector respectively. The current I(t) flowing through the system is
, where N R (t) is the number of electrons accumulated in the collector
The density matrix elements are directly related to the amplitudesb(E) through the inverse Laplace transform
Using this equation one can transform Eqs. (3.6) for the amplitudesb(E) into differential equations for the probabilities σ (k,n) (t). Consider, for instance, the term σ 
into Eq. (3.10) we can carry out the E, E ′ -integrations thus obtaininġ
Applying the same procedure to each of equations (3.6c) we find the following set of differential equation for the density matrix element σ
Using these equations one finds for the total current, I =Ṅ R (t), Eq. (3.8)
where σ ij = k,n σ (k,n) ij are the total "probabilities". Summing up over k, n in Eqs. (3.13)
we find the system of differential equations for the density-matrix elements of the two-dot 
where ǫ = E 1 − E 2 .
IV. COHERENT EFFECTS IN TWO-DOT SYSTEMS
We found that the diagonal density-matrix elements in the rate equations (3.15) are coupled with the non-diagonal terms (σ bc , σ cb ) similar to Eqs. It is important to point out that the coupling with the non-diagonal density-matrix elements in Eqs. (3.15) does not decreases with the separation distance between the dots.
Indeed, using semi-classical expression one can write
, where τ 1,2 and τ M are the classical periods of motion in the first (second) quantum well and in the ballistic channel respectively, and S(S ′ ) is the instanton action. Since the ballistic channel, connecting the dots is effectively one-dimensional, the density of states in the semi-classical approximation is ρ M = τ M /2π. Therefore the coupling between the diagonal and non-diagonal matrix elements
does not decrease with the distance between the dots, although the hopping amplitudes
Obviously, it is true only for one-dimensional channels. In general, the coupling 2πρ M Ω M Ω ′ M diminished with distance between the dots. It is interesting to make a comparison between peak values of the dc current through the coupled and the separated dots. In both cases the current reaches its maximal value for Γ L = Γ R = Γ 0 and ǫ = 0, Eqs. (2.4), (3.16). One finds for the coupled dots
while for the separated dots
3)
It follows that the peak value of dc current in the coupled dots is three times larger than that in the separated dots.
It is quite natural to associate quantum coherence effects in double-well systems with quantum oscillations of an electron between the wells. Indeed, an electron in a coupled-dot system, detached from the emitter and the collector, oscillates between the states (a) and (b), Fig. 4 . These oscillations are reproduced by the same rate equations that describe quantum transport in coupled-dots, Eqs. (2.3), but now with Γ L = Γ R = 0. We then obtain for the probability of finding an electron in the states (a) and (b), σ aa (t) and σ bb (t), Fig.4 :
Solving this equations with the initial condition σ aa (0) = 1 and σ bb (0) = 0, we obtain
As expected, an electron oscillates between the dots with an
The situation is different, however, if the dots are separated by a ballistic channel. Even though the resonant current displays the same quantum coherence effects as in the coupleddots, the corresponding electron oscillations would not appear if the system is detached from the emitter and the detector, Fig. 5 . Indeed, the corresponding rate equations for 
Solving these equations for the initial condition σ aa (0) = 1 and σ bb (0) = 0, we obtain
Thus, an electron does not oscillate between the dots, but decays into the middle reservoir. The probability to find an electron inside the dots σ bb = σ cc → 1/4 for t → ∞ when the levels are aligned (ǫ = 0), and σ bb = σ cc → 0 for t → ∞ when ǫ = 0.
V. GENERAL CASE
The rate equations (3.15), describing electron transport in separated dots can be extended to any multi-dot system. By applying the same technique of integrating out the reservoir states as in Ref. [11] and in Sect. 3, we arrive to the rate equations for the densitymatrix σ αβ of the multi-dot system, which constitute a generalization of the Bloch-type rate equations for the coupled multi-dot systems [11] . For more clarity, we present these generalized quantum rate equations separately for diagonal and non-diagonal density-matrix elements, although the former is a particular case of the latter equation:
Here |α , |β , . . . are the states of the multi-dot system in the occupation number representation, and Ω αβ denotes one-electron hopping amplitude that generates α → β-transition.
We distinguish between the amplitudesΩ and Ω of one-electron hopping among isolated states and among isolated and continuum states, respectively. Notice, that all transitions in the rate equations, generated by hoppings via continuum states are of the second order in the hopping amplitude ∼ Ω 2 . These transition are produced by two hoppings of an electron across a reservoir with the density of states ρ. The symbol ′ means that only those 
VI. SUMMARY
In this paper we derived quantum rate equations, which provide the most simple and transparent way for a description of the both coherent and incoherent electron transport in quantum dot systems. In the beginning we considered a system of two quantum dots linked by a ballistic channel and connected with the emitter and collector reservoirs. Starting with the many-particle wave function and integrating out the continuum states, we have obtained the equations of motion for the density submatrix of the two-dot system in the occupation number representation. In spite of the quantum dots might be away one from another, we found that the diagonal density-matrix elements are still coupled with the nondiagonal density-matrix elements, similar to the Bloch equations for double-well systems.
The essential difference, however, is that in the case of Boch equations the diagonal matrix elements are coupled with the imaginary part of the non-diagonal density-matrix elements, while for the separated wells the corresponding terms are coupled with the real part of the non-diagonal density-matrix elements.
As expected, the coupling between diagonal and non-diagonal matrix elements generated quantum coherent effects in electron transport. For instance, we found that due to desctructive quantum interference the dc current in separated dots is reduced when the barrier penetrability increases. This effect would survive even if the dots are largly separated, providing that the dots are linked by ideal one-dimensional ballistic channels.
In spite of the quantum coherence effects found in dc current, the same system of separated dot, detached from the emitter and collector reservoirs does not show any quantum oscillations. It is quite different from a corresponding coupled-dot system with aligned levels, in which an electron oscillates between the dots.
The rate equations for two separated quantum dots are extended to a general case of multi-dot system, in which the dots are either directly coupled, or interconnected via reservoirs (ballistic channels). These new rate equations generalize the well-known Bloch equations, describing time-evolution of the density-matrix of coupled multi-well systems in the presence of a dissipative media. We thus expect that the applicability of our generalized rate equations is not restricted by quantum transport in multi-dot system only, but these quations can be very useful for various physical problems where quantum coherence and classical dissipation effects are interplay. 
